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Introduction
This is a short note containing what I picked out as the most
important concepts and formulae from the subject Classical
Transprot Theory (TFY4275). The note was produced as a
result of my own preparation for the resit exam (so don’t trust
the author blindly!), and are only intended as an easy look-up
reference to short definitions taken more or less directly from
the lecture notes written by Ingve Simonsen, who taught the
subject. What I am saying is that this note is by no means
a tool to understanding the subject, and if one does not
already have a fair grasp of the content in the course, obtained
by Simonsens lectures and lecture notes, this note should be
of negligible help.

Let S be the set of students. Let the subset of students that
follow the lectures in Classical Transport Theory be noted by
SL, such that SL ⊂ S. Let SUS ⊂ S be the set of students that
understand the subject. Then this the note contained in your
hands is an operator N such that N : SL→ SUS, and otherwise
for X ⊂ S | X 6⊆ SL∪SUS , N : X → X .

1. Probability Theory

Stochastic variable; a variable randomly distributed over a
given range, according to a certain pdf.

Whereas one often denotes the stochastic variable with a
capital letter, say X, a certain realization of X is denoted
by the corresponding small letter; x.

Stochastic Process; a process Y that is a function of a stochas-
tic variable X and time t. We write

Yx(t) = f (X , t) (1)

Probability Density Function (PDF); a density function p(X)
defined such that∫

∀x∈X
dxp(x) = 1, (2)

where R is the range of the PDF. We say that p(x)dx
is the probability for the stochastic variable X to be
realized on the interval x,x+dx. Likewise, the Cumu-
lative Density Function (CDF) P(X) is definied such
that

P(x) =
∫ x

−∞

dx′p(x′). (3)

So, P(x) is the probability for X ≤ x. We understand
that the PDF and CDF contain the same information,
but in vitro the CDF is often easier to work with when
studying empirical data sets. Cumulating, you do not
have to bin the data, and e.g. studying the tails of the
distribution is easier.

Mean value < f (X)> of a function; a number defined such
that

< f (X)>=
∫

dx f (x)p(x) (4)

Mth moment µm of a distribution; with f (X)=Xm, we de-
fine

µm =< Xm > (5)

Note that µ1 =< X > (the mean value), µ2 =< X2 >.
Also note that not all p(X) give a finite standard devi-
ation σ . Introducing the Moment generating function
G(k) (see below), one may also write

< Xm >= (−1)m
∂

m
k G(k)|k=0 (6)
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Characteristic function G(k); a function defined such that

G(k) =< eikX >= F{ p̄(x)}(k). (7)

Where p̄(x)= p(x)∀x∈X and p̄(x)= 0 otherwise. G(k)
is also called Moment generating function. Writing
the exponential as a power-series, this name becomes
understandable, as one may obtain that

G(k) =
∞

∑
m=0

(ik)m

m!
< xm > . (8)

Cumulants; defined such that

κm = (−i)m
∂

m
k ln(G(k))|k=0 (9)

This will give the first cumulants as

• κ1 =< X >= µ1; mean value

• κ2 =< X2 >−< X >2= σ2 = µ2−µ2
1 variance

, Often, one may also use normalized cumulants κ̄m.
Two important ones are

• κ̄3 = <(x−<x>)3>
σ3 ; Skewness (a measure of the

symmetry of the distribution)

• κ̄4 =
<(x−<x>)4>

σ4 −3; Kurtosis (a measure of the
deviation of p(X) from a Gaussian)

,

Joint probability distribution p(~X): The PDF of a stochas-
tic variable ~X = (X1,X2, ...,Xr) with r components.

Marginal distribution; For a joint probability distribution,
the marginal distribution ps(X1,X2, ...,Xs) of compo-
nents X1,X2, ...,Xs is

ps(X1,X2, ...,Xs) =
∫

dxs+1...dxr p(x1, ...xr) (10)

The PDF of~Y = f (~X) can, when p(~X) is known, be shown
to be

py(~Y ) =
∫

∞

−∞

d~xδ (y− f (~x)p(~x) (11)

One also finds that

Gy(k) =< eik f (~X) > (12)

Note that in the case of statistical independence of
two stochastic variables X1 and X2 such that Y = X1 +
X2, py(Y ) = (p1 ∗ p2)(Y ), where ∗ denotes the con-
volution between the two. This also gives Gy(k) =
Gx1(k)Gx2(k).

Examples: Random Walk (RW), Maxwell’s velocity distr.;
energy distr. of point particles

Bayes’ rule; a rule for conditional probabilities that says

p(X1, ...Xm)

= pm|n(X1, ...Xm|Xm+1, ...,Xm+n)pn(Xm+1, ...,Xm+n)

(13)

In other words: m variables and n conditions.

The Gaussian Distribution; a distribution defined such that
its PDF is

pG(X) =
1√

2πσ2
e−

(X−µ)2

2σ2 , (14)

where σ is the standard deviation and µ the mean value.
The characteristic function is

GG(k) = eiµk− σ2k2
2 , (15)

from which it follows that κn = 0 for n > 2. For an arbi-
trary Gaussian stochastic variable ξ , we say that ξ−<ξ>

σ

is normally distributed, and we write N(µ,σ)=N(0,1).

Central Limit Theorem (CLT): Let {ξi} be the sequence
of independent, random variables with < ξi >= 0 and
σi < ∞. Then the distribution of the sum

Sn = (ξ1 +ξ2 + ...+ξn)/
√

n

will approach the normal distribution N(0,σn), with

σ
2
n =

1
n

n

∑
i=1

σ
2
i

when n→ ∞.

Requirements in the theorem:

• The ξis are statistically independent

• σi < ∞ ∀i
• the PDFs of the different xis can differ from each

other

Hierarchy of distribution functions; For Yx(t)= f (X , t) the
probability that Yx(t) equals a given y for a certain time
t, is

pn(Y1, t1; ...Yn, tn) =
∫

dxδ (y1−Y (t1))...δ (yn−Y (tn))px(x)

=< δ (y1−Y (t1))δ (yn−Y (tn))>
(16)

where tn ≥ tn−1 ≥ t...t1. Note that the hierarchy of
the joint-PDFs uniquely determines the stochastic
process! Oppositely the whole hierarchy would be
needed to determine the process. WHAT WHAT?
Also note that < Y (t)>y=< f (X , t)>x.
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Stationary stochastic process; a process for which the fol-
lowing hold true:

pn(y1, t +τ; ...yn, tn +τ) = pn(y1, t; ...yn, tn) (17)

for all τ . The probability is independent of absolute
time – only time differences matter. For instance, an
ordinary RW is not stationary.

Ergodicity: A stationary stochastic process, is said to be er-
godic if the ensemble averaging equals time averaging:

∫
dx f (x, t)p(x) = limT→∞

1
T

∫ T/2

−T/2
dty(t)

→< Y >x=< Y >t .

(18)

Correlation function; a function defined such that

Wi j(t1, t2) =< δyi(t)δy j(t)> (19)

For stationary processes, Wi j(t1, t2) will only depend on
the time difference τ = |t1− t2|.

A stochastic process is uncorrelated if

Wi j(t1, t2) ∝ δi jδ (t1− t2)

Gaussian Stochastic Process; a stochastic process for which
all {pn} are multivariate Gaussian distributions

If a stochastic process is Gaussian, it simplifies things
extensively, since all cumulants with m> 2 vanish. This
means that a Gaussian stochastic process is fully de-
termined by

• The mean; < Y (t)>

• The correlation function; < Y (t1)Y (t2)>t

Wiener-Khintchine theorem: The power spectral density
P(W ) of a stationary process is the Fourier Transform
of its correlation function

P(ω) = 2F{W}(ω), (20)

where
P(W ) = 2

∫
−

∞
∞dτξW (τ)e−iωτ

.

Purely random process; a process that does not depend on
its history:

pn(Yn, tn; ...;Y1, t1) = Π
n
i=1P1(Yi, ti)

. All Information about the process is contained in p1().

Markov process; a process for which the probability only
depend on the previous time step:

p1|n−1(Yn, tn|Yn−1, tn−1; ...;Y1, t1)= p1|1(Yn, tn|Yn−1, tn−1)

. Hence, a Markov process is fully specified by p1|1 and
p1().

Stationary Markov process; A markov process that is also
stationary – i.e. only time differences matters:

p1|1(Y2, t2|Y1, t1) = p1|1(Y2, t2− t1|Y1,0)

.

Markov chains; an especially simple class of Markov pro-
cesses defined by the following three properties:

• The range of Y is a discrete set of states (discrete
state space)

• The time variable is discrete and takes only integer
values

• The process is stationary (or homogen.) so that the
trans.prob. depends only on the time difference.

Chapman-Kolmogorov equation; COMBINE WITH CHAP
3!an equation fulfilled by any Markovian stochastic pro-
cess. For t3 > t2 > t1 one has

p1|1(Y3, t3|Y1, t1)=
∫

dy2 p1|1(y3, t3|y2, t2)p1|1(y2, t2|y1, t1)

. By adding n− 1 integrals on RHS this formalism
may be straight forward extended to an expression for
p1|1(Yn, tn|Y1, t1). Note the ”Feynman integral”-way of
thinking: The transition probability p1|1(Y3, t3|Y1, t1) is
independent of the route taken.
Note: a Markov process is determined by p1|1 and p1(),
but they cannot be chosen arbitrary. They have to satisfy

• the CK-equation

• p1(Y2, t2) =
∫

dy1 p1|1(y2, t2|y1, t1)p1(y1, t1)

Further, note that for a stationary Markovian process,
the CK-equation becomes

p1|1(Y3, t3− t1|Y1,0) =∫
dy2 p1|1(y3, t3− t2|y2,0)p1|1(y2, t2t1|y1,0)

(21)

Important Stochastic processes

• Noise: Not well-defined, but usually defined as a sta-
tionary process which satisfies

– < ξ (t)>= 0

– < ξ (t)ξ (t ′)>=W (t− t ′)

• The Wiener Process: SEE CHAP 3Markovian, non-
stationary process, describing the position of a Brown-
ian particle. The trans. prob. is given as

p1|1(x2, t2|x1, t1) =
1√

4πD(t2− t1)
e
− (x2−x1)

2

4D(t2−t1) (22)
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• The Orenstein-Uhlenbeck (OU)process: SEE CHAP
3Stationary, Gaussian and Markovian process intro-
duced to describe the stochastic behaviour of the veloc-
ity of a Brownian particle. It is defined by

– p1(Y1, t1) = 1√
2π

e−
Y 2

1
2

– p1|1(y2,τ;y1,0) = 1√
2π(1−e−2τ )

e
− (Y2−Y1e−τ )2

2(1−e−2τ )

The OU-process can be shown to have the properties

– < ξ (t)>= 0

– < ξ (τ)ξ (0)>= e−τ

• The Cauchy process: A Markovian process for which

Tτ(Y2|Y1) =
1
pi

τ

(y2− y1)2 + τ2

, where τ > 0 and −∞ < Y < ∞. σ2 = ∞.

• The Poisson process: A Markovian process defined
such that

– p1(n,0) = δn0

– p1|1(n2, t2|n1, t1) =
(t2−t1)n2−n1

(n2−n1)!
e−(t2−t1)

where Y (t) only takes integer values n and t ≥ 0.

2. Brownian motion
Brownian Motion (BM); Today BM denotes the erratic mo-

tion of a small particle in a surrounding media of even
smaller particles, e.g. liquid or gas. BM is not by itself
a molecular motion, but rather a result of it.

Diffusion Equation (DE); Many processes in nature, among
which is the BM, is described by the DE.

∂tρ(~x, t) = D∇
2
ρ(~x, t) (23)

This equation is also called Fick’s 2nd law. Note
that it requires D(x) = D = constant. The equation
~J =−D∇ρ(~x, t) is called Fick’s 1st law. From Fick’s
1st law and the continuity eq. follows the Fick’s 2nd
law; the DE.

The solution to the DE (1-dim) is a Gaussian with σ =√
2Dt. With the initial condition ρ(x,0) = δ (x− x0),

one finds

ρ(x, t) =
1√

4πDt
e
(x−x0)

2

4Dt , (24)

The solution may be found by applying the Fourier–
Laplace transformation method. Note that in higher
dimensions, one must add a factor 1/

√
4πDt for each

dimension.

Einstein attempted at a statistical description of BM
(this was beg. of stochastic mod. of natural phen.), and
ended up proving that
Random Walk=Diffusion. To do so, one may set up
the Master equation (to be defined later) for the RW,
and show that it gives the DE.

One has the following important relations:

• < ∆x2(t)>= 2Dt

• ~J =−D∇ρ

• D = kBT
γm = kBT

6πηr (Stoke-Einstein relation)

Propagator (Greens function); ρ(x, t) is the propagator in
the expression

ρ̄(x, t) =
∫

∞

−∞

dx0ρ̄(x0)ρ(x, t|x0, t0), (25)

since it shows how the concentration ρ̄(x, t) propa-
gates over time and space, given the initial condition
ρ̄(x,0) = ρ̄0(x).

Reaction-Diffusion Equation (RDE); a mathematical model
of a system where the spacial concentration of one (or
more) substances is controlled by both diffusion and
local reactions:

∂tρ(x, t) = D∇
2
ρ(x, t)+R(ρ) (26)

The term R(ρ) is the reaction term.

Advection-Diffusion Equation (ADE?); advection is trans-
port due to a vector field. Adding such a mechanism to
the DE, we find the ADE as

∂tρ(x, t)+∇(ρ~v) = D∇
2
ρ(x, t) (27)

This equation may also be obtained by Galileo-transforming
the DE equation.

The Peclet number; measures the significance of advection
vs. diffusion. It is given by

Pe =
D
v2t

, (28)

which may be obtained by dimensional analysis.

Langevins explenation of BM; an, according to L., ”infinitely
simpler” description of BM is given by the eq.

m∂
2
t x(t) =−mγ∂tx(t)+κ(t), (29)

a stochastic equation of motion (see chapter 3 for gen-
eral L-eq.). Two forces acting:

• Viscous drag (friction force): −mγ~v

• Fluctuating force: due to the impact of the molecules;
~κ(t) ∝ ~ξ (t), where κ is the stochastic force
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Assumptions:

• No net fluctuating force on average:
< κ(t)>=< ξ (t)>= 0
• The random events are uncorrelated:
< ξ (t)ξ ′(t)>= δ (t− t ′)

From the L. equation one can find that

<∆x2(t)>=

{
2Dt− 2D

γ
if t� 1/γ

< v2 > t2 = Dγt2 if t� 1/γ
(30)

Fokker-Planck (FP) approach to BM The FP-equation is
an equation for the probability density p(x, t) of find-
ing a particle at x at time t. The FP-equation for BM
becomes

∂t p(x, t) = D∇
2 p(x, t). (31)

Diffusion Limited Aggregation (DLA); A model that gives
rise to patterns observed in nature where diffusion is
the main transport mechanism. It involves particles
diffusing around and eventually hitting a seed, on which
they stick. The DLA-patterns are examples of fractal
patterns. Observed in e.g.

• Electro-deposition
• Viscous Fingering
• Dielectric Breakdown

Scaling of ”Brownian functions” B(t); For a Brownian func-
tion, one may show that

∆Bλ∆t(t)∼ λ
1/2B∆t(t), (32)

which is an example of a scaling relation. The power
contained in such a relation is that once you know the
properties at one scale, you know them at all scales.
The λ appearing in the above equation is called the
Hurst exponent H. For BM, H = 1

2 .

3. Stochastic Equations of Motion
Stochastic Equations of motion; divided into two groups:

Langevin equations and Chapman-Kolmogorov Equa-
tions. These are described below.

Langevin eq.s; time evolution in variable space. The equa-
tion in the general non-Markovian case reads

mẍ =−∂xV (x)−m
∫ t

0
dτ z(t− τ)ẋ+R(t), (33)

and in the Markovian case it reads

mẍ =−∂xV (x)−mγ ẋ+R(t). (34)

On the RHS in both equations above, forces from an ex-
ternal potential, dissipative forces and stochastic forces
are included, respectively, as separate terms.

• < R(t)>= 0

• R(t)→ 0 as T → 0

• The system will be Markovian when relaxation
processes of the surroundings are much faster than
those of the system. In this case

< R(t + t ′)R(t ′)' Cδ (t)→ Uncorrelated

Otherwise the system will be non-Markovian, since
the Memory kernal z(t) 6= δ (t). The constant C
in the Markovian case, can be shown to relate
the fluctuations (T) to the dissipations. This is
an example of the fluctuation-dissipation theo-
rem. For a possition-independent potential, in
the Markovian case, C = 2mγkBT , and in the non-
Markovian case, C = mkBT Z(t).

It may by horrible calculations be shown that

< (x(t)− x0)
2 >=

v2
0

γ2 (1− e−γt)2

+
kbT
mγ2

(
2γt−3+4e−γt − e−2γt) (35)

and that in the large time limit (γt� 1), this reduces to

< (x(t)− x0)
2 >' 2

kBT
mγ

t

[= 2Dt according to Einstein]
(36)

Chapman-Kolmogorov (CK) equations; time evolution is
in probability space. The CK-eq. reads

∂t p(x, t|x0, t0) =
1
2

∂
2
x [B(x, t)p(x, t|x0, t0)−∂x (A(x, t)p(x, t|x0, t0))]

+
∫

dx1 {W (a,x1, t)p(x1, t|x0, t0)−W (x1|x, t)p(x1, t|x0, t0)}

(37)

There are two special reductions of the CK-eq,:

• W = 0 → Fokker-Planck (FP)-eq; a PDE that
applies to continuous (i.e. diffusion-like) Markov
processes. With

Jx =A(x, t)p(x, t|x0, t0)−
1
2

∂x [B(x, t)p(x, t|x0, t0)] ,

the FP eq. can be written as a continuity eq.:

∂t p(x, t|x0, t0)+∂xJx = 0

. We note that

– The FP-eq. is the continuous limit of the Mas-
ter eq., and thus an approx. description for
any Markov process x(t) whose individual
steps are small.
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– The term with A is said to be the convec-
tion/drift term

– The term with the B is said to be the diffu-
sion/fluctuation term

– If both A and B is time independent, the re-
sulting eq. is called the Smoluchowski eq.,
or the generalized DE (in 1-dim)

– The Wiener process; may be defined as a
Markov process where the cond. prob. (tran-
sition prob.) satisfies the DE with D = 1/2.
Thus, the FP-eq. for the Wiener process is
the DE.

– The Orenstein-Uhlenbeck (OU) process; may
be defined by its FP. eq., which is

∂t p(x, t|x0, t0) =

γ∂x p(x, t|x0, t0)+D∂
2
x p(x, t|x0, t0).

(38)

It’s solution is

p(x, t|x0, t0) =
√

γ

2πD(1−Γ)
e
− γ(x−Γx0)

2

2D(1−Γ2) ,

(39)

where Γ = e−γ(t−t0). We see that the limiting
case γ → 0 of the OU process is the Wiener
process (DE).
Note that the stationary Markov process de-
termined by the linear FP eq. is the OU pro-
cess.

• A = B = 0 → The Master Equation (ME); an
ODE that appplies to non-continuous (i.e. jump-
like) Markov processes. For discrete variables, the
ME takes the form

∂t p(x, t|x0, t0) = ∑
n′
[Wnn′ pn′(t)−Wn′n pn(t)] ,

where Wnn = 0 and Wnn′ ≥ 0. The first term is
called the gain term, and the last one the loss term.
In vector notation, the ME becomes

∂t~p(t) =W~p(t),

where Wnn′ = Wnn′ − δnn′∑m Wmn. The general
solution is

~p(t) = eWt~p(0),

and hard to solve. However, a stationary solution
~p∞ (obtained in the long time limit), can be found
by

W~p∞ = 0,

which must give ∂t~p∞ = 0. In the case of a sta-
tionary solution, the system is in equilibrium, and
we have

∑
n′

Wnn′ p
∞

n′ = ∑
n

Wn′n p∞
n ,

which is known as detailed balance (loop pro-
cesses not possible in one-step processes).

4. Anomalous Diffusion
The hallmark of diffusion processes is the linear time depen-
dence < x2(t)>∼ Dt, which is a direct consequence of

• The Central Limit Theorem

• The Markovian nature of x(t) Lifting any of these two
properties will make the linear scaling dependence in-
valid, and what is denoted anomalous diffusion will oc-
cur. We say that we have non-Fickian transport, since
Fick’s second law is not fulfilled.

Anomalous diffusion; A stochastic process, x(t), where the
mean square displacement no longer is linear in time:

< x(t)2 >∼ Dα tα , α 6= 1

The anomalous diffusion constant has dimensions
Dα = mα/sα . α is called the anomalous diff. const.

Levy Flights; RW where the increments are drawn from a
”fat-tailed” distr. (i.e. a distr. with div. 1st or 2nd
moment).
We need to know the Levy distribution; the largest class
of distributions stable under addition. It’s characteristic
function is

L̂α(k;α) = e−a|k|α ,

meaning the distr. itself is given by Lα(x;α) = F{L̂α}.
Restricting to the symmetric cases, we find

Lα(x;α) =
1

2π

∫
∞

−∞

dk cos(kx)e−akα

We will note two sub-classes of distributions:

• α = 2; The Gaussian distr.

• α = 1; Cauchy-Lorentz distr.; 1
π

a
x2+a2

Generalized CLT Define xn =∑
n
i=1 ξi, where {ξi} are IID1random

variables, then, if the distribution p(Ξ)2 satisfies

• p(Ξ)∼ Apm
|Ξ|α+1 Ξ→±∞

• β = A+−A−
A++A−

,

then p(xn) will, when n→∞, be Lαβ (x;a). Note that if
the variance σ2

Ξ
<∞, then the limiting distr. is Gaussian.

Scaling for Lévy flights: Just like a Gaussian has σn =<
XN >1/2∼N1/2, the scaling of a Lévy flight is∼N1/α .

Continous Time Random Walk (CTRW); a RW in which
the time intervals between jumps is now a stochastic
variable. CTRW introduces a joint pdf ψ(x, t) for jumps
of size x at with waiting time t. From this one obtain
marginal distributions for jump size and waiting time:

1IID=Independent and identically distributed.
2Ξ is the capital form of ξ . So; the latter is here meant to be a specific

realization of the former, according to standard convention for stochastic
variables.
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• λ (x) =
∫

∞

o dt ψ(x, t)

• ω(t) =
∫

∞

−∞
dx ψ(x, t)

If indep. marg. distr. one has ψ(x, t) = λ (x)ω(t), and
otherwise ψ(x, t) = p(x|t)ω(t) = p(t|x)λ (x), which
should be taken to mean that a jump of a certain size
tend to involve a certain time cost.
One categorizes different CTRWs by whether the two
following entities are finite or not:

• characteristic waiting time T :
T =< t >=

∫
∞

0 dt tω(t)

• Characteristic jump size variance Σ2:
Σ2 =< x2 >=

∫
∞

−∞
dx x2λ (x)

Ultimately we want to find the propagator W (x, t) satis-
fying W (x, t0) =W0(x). In the Fourier-Laplace domain
the propag. can be expressed as

W̃ (k,u) =
1−W̃ (u)

u
· Ŵ0(k)

1− ˆ̃ψ0
(40)

We will in the following assume ˆ̃ψ(x, t) = λ̂ (x)ω̃(t),
and have a look at four important cases; BM, Subdiffu-
sion, superdiffusion and a mixter of the two last.

But let us first note the following properties:

• For (k,u)→ (0,0) (corresp. to (|x|, t→ (∞,∞):

T < ∞ → ω̃(u)∼ 1−τu+O(u2) (41)

Σ
2 < ∞ → λ̂ (k)∼ 1−σ

2k2+O(k4) (42)

In these cases one may calculate that T ∝ τ and
Σ2 ∝ σ2.

T = ∞ → ω̃(u)∼ 1− (τu)α + ... (43)

Σ
2 = ∞ → λ̂ (k)∼ 1−σ

µ |k|µ , (44)

where in the last case 0 < µ < 2.

Brownian Motion (BM); T < ∞; Σ2 < ∞

In this case, inserting (41) and (42) into (40), and then
transforming to the(x, t)-domain, we find
∂tW (x, t) = (σ2/τ)∂ 2

x W (x, t); the DE as expected.

Note that these results are obtained without specify-
ing ψ(x, t), but only requiring the finiteness of < t >
and < x2 >. So; BM will occur for any choice of ω(t)
and λ (x) with finite first and second moments.

Sub-diffusion, ”Long rests”; T = ∞; Σ2 < ∞

By the same procedure as for BM, this time with equa-
tions (41) and (44), we insert into (40), transform to
the (x, t)-domain and end up with a fractional diffusion
equation (FDE) for sub-diffusion:

W (x, t) = 0D1−α
t κα ∂

2
x W (x, t), (45)

where 0D1−α
t is related to the Riemann− Liouville-

operator. We define

0D1−α
t W (x, t) =

1
Γ(α)

∂

∂t

∫
∞

0
dt ′

W (x, t ′)
(t− t ′)1−α

.

This operator derduces to the normal derivative for ”nor-
mal cases”.
Note that the long-range kernel M(t) ∝ 1(t1−α in the
Riemann-Liouville operator makes sub-diffusion non-
Markovian.
Also note that the FDE reduces to the normal DE when
α → 1.

Superdiffusion ”Long Jumps”; T < ∞; Σ2 = ∞

This is again what we prev. encount. as Lévy flights.
Inserting (41) and (44) into (40) and transforming to
the (x, t)-domain we this time find:

∂tW (x, t) = κ
µ −∞Dµ

x W (x, t), (46)

where −∞Dµ
x is another fractional derivative known as

the Weyl operator. It is defined via

F{−∞Dµ
x ( f (x))}=−|κ|µ f̂ (k).

The classic DE results for µ → 2.
Via Fox functions it may be shown that the solution to
(46) is

W (x, t)∼ κµ t
|x|1+µ

,µ < 2 , (47)

which is typical for Lévy distr.
Note that

• the process is Markovian because of T < ∞

• < x2(t)>→ ∞ follows from (47)

• a spatio-temporal coupling
ψ(x, t) = 1

2 ω(t)δ (|x|− vt) may be introduced to
make the propagation speed v constant (and less
than the speed of light) (→Lévy walks).

Compet. betw super- and sub-diff.; T = ∞; Σ2 = ∞

In this case bothe the waiting time PDF and the jump
size PDF have fat tails, and the process can be both
sub- and super- diffusive. In this case it can be shown
(by the same means as above, I guess?) that the relevant
FDE reads

∂tW (x, t) = 0D1−α
t κ

µ

α −∞Dµ
x W (x, t), (48)

Note that
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• 0D1−α
t again make the process non-Markovian

• κ
µ

α = σ µ/τα

• α < 1 and µ > 2

5. Applications
Read-yourself stuff.

6. Boltzmann Equation (BE)
The BE was derived by Boltzmann, and is a non-linear integro-
differential eq. in 7 variables describing non-equilibrium
statistical physics. The equation reads(

d
dt

p(~r,~v; t) =
) [

∂

∂t
+~v ·∇+~a ·∇~v

]
p(~r,~v; t)

=
∫

d~wd~v′d~w′ σ
[
p(~r,~v′)ρ(~r,~w′)− p(~r,~v)ρ(~r,~w)

]
·δ (~v+~w−~v′−~w′)δ (v2 +w2− v′2−w′2),

(49)

where~r denotes particle position and~v,~v′, ~w and ~w′ are parti-
cle velocities.
Note that

• The LHS of eq. (49) represents the change in p(~r,~v; t)
due to motion of particles in the absence of collisions.

• The RHS of eq. (49) represents the changes in p(~r,~v; t)
due to collisions. σ is the the scattering cross-section

• the δ -functions in the integrands guarantee conserva-
tion of momentum and energy, respectively.

• eq. (49) involves a gain-term and a loss- term. These,
respectively, are the two terms inside the square brack-
ets with the σ in front.

• The BE is in general very hard to solve, especially when
invocing diatomic systems with rot. and vibr. degr. of
freedom.

• The stationary solution of BE is the Maxwell-Boltzmann
velocity distribution, which will be described next.

• The BE can be solved analytically in case of the Lorentz
gas model, which is treated later.

Assumptions behind the BE:

• it is assumed that pre-velocities ~v and ~w are uncor-
related (mean field approximation/ molecular chaos
assumption), which allows for writingP2(~r,~v,~r,~w) =
p(~r,~v′)ρ(~r,~w′), as is done in eq. (49).

• The gas is so dilute that one-particle distr. p(~r,~v; t) de-
scr. the state of gas accurately, and that binary collisions
dominate.

• particles do not accelerate in between collisions (short-
range inter-particle potentials).

Maxwell-Boltzmann distr.; a distribution for a classical gas
if identical molecules that is in equilibrium at tempera-
ture T . The equation reads

p(~v) = n
(

m
2πkBT

)3/2

e
−mv2
2kBT (50)

This result derives from two fundamental assumptions:

• Rotational symmetry in velocity space (depen-
dence on v2 and not~v

• No correlation between different velocity compo-
nents

Also note that

• Nothing said about inter-particle potential or par-
ticle density

• One only needs a scattering mechanism that con-
serves mass, momentum and energy in each colli-
sion, in order for a steady state to exist.

The Lorentz gas; a model developed to put the Drude theory
of electron transport on firmer grounds. Three main
assumptions:

• electron-electron interactions are ignored

• atoms are treated as if immobile spherical scatter-
ers

• electron-atom interaction is described by elastic
scattering

The BE describing the scenario is[
∂

∂t
+~v

∂

∂~r

]
f (~r,~v, t)

=
1
τ

[∫ dv̂
4π

f (~r,~v, t)− f (~r,~v, t)
]
.

(51)

Here τ1 = v/l is the collision frequency, l = (nπa2)−1

is the mean free path and~v =~v/v.
The BE for the Lorentz gas can be solved analyti-
cally. Four important features of the Lorentz gas model
are

• Linearity; physically because scatterers are as-
sumed immobile

• Isotropy of the collision gain term (in 3D only!)

• Dilute limit; the mean free path l >> a, meaning
that the volume fraction occupied by the scatterers
is small.

• Randomly located scatterers; together with the
diluteness condition this implies that correlated
trajectories do not arise.
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The main outcome of solving the BE for the Lorentz
gas (Boltzmann-Lorentz (BL) eq.) is electron diff. in
the long time limit. The resulting diff. const D can by
dim. anal. be shown to scare as D ∼ vl. Solving the
BL-eq. revelas that, in three dim.,

D =
1
3

vl (52)

To obtain this result by solving the BL-eq. (51), one
introduces the projection operator P, defined as

[P f ] =
∫ dv̂

4π
f (~r,~v, t), (53)

an operator that averages over all directions of velocity.
An important property of this operator is that P2 = P.
It is possible to now write the BE for the Lorentz gas as
an equation for the distribution of velocities, F(~v, t) =∫

d~r f (~r,~v, t). The eq. becomes

∂

∂ t
F(~v, t) =

1
τ
{[PF ] (v, t)−F(~v, t)} , (54)

For an initial condition F(~v, t = 0) = F0(~v) the general
solution of (54) is

F(~v, t) = φ(v)+ [F0(~v)−φ(~v)]e−
t
τ (55)

Note that the velocity distribution becomes isotropic
exponentially quick, with relaxation time τ .

With F0(~v) = δ (~v−~v0) the diffusion constant may now
be calculated via the Einstein-Green-Kubo formula,

D =
1
3

∫
∞

0
dt <~v(t)−~v0 >equiv, (56)

which gives eq.(52), in accordance with dimensional
analysis.

Note that it is also possible to find the exact probabil-
ity density f (~r,~v, t), as mentioned before. This will
involve Fourier-Laplace technique and is technically
demanding.
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