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1 Introduction

This is a small note written as a preparation for my own master thesis, in which I found
fluid mechanics to be an essential ingredient. It should be mentioned that I never took any
courses in fluid mechanics, so the following pages contain a summary of my own reading
through of the first pages in Fluid Mechanics by Landau and Lifchitz, hereby referred to as
[1] (listed in the bibliography), and also a compendium in fluid mechanics written by my
supervisor Iver Brevik, and from now on referred to as [2] (also listed in the bibliography).
In other words; this (more or less magic) tool-box should be used with care, after a thorough
risk assessment, only. What is denoted as postulates, is not necessarily impossible or even
difficult to prove from more fundamental concepts, but might just as well rather be a result
of the writers laziness, and/or the boundary conditions of time imposed of the author on
the author to finish this note.

2 Where it all starts

A fluid, which may be either a liquid or a gas, is seen as a continuous medium, even though
not even the most smooth liquid is truly continous; it is made up of molecules! This
however, is of no worry to us in seeking to build a macroscopic theory. I.e.; our theory is
valid whenever we have zoomed out as far as we need from the descrete molecular level to
obtain a continuous medium to a good approximation.

Postulate I: Given the three velocity components v(x, y, z, t) and any two thermody-
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namic quantities1, e.g. the pressure p(x, y, z, t) and the density ρ(x, y, z, t), the state of the
moving fluid is completely determined.

According to the postulate above, we should need five equations to completely determine
the state of a fluid. In the sections to come, we will derive three different fundamental
equations in fluid mechanics; the Euler Equation, Bernoulli Equation and the Navier-Stokes
Equation. The first one is, as will be seen, a special case of the last one; the general Navier-
Stokes equation. Being vector equations, both of these equations of motion are actually
three equations. That is, therefore; we need another two equations to fully determine the
state of the fluid. Now; let us get started with the easiest case; ideal fluids.

3 Ideal fluids

The continuity equation relates the decrease of mass 2 within a closed region V of space,
to the amount of mass leaving through the boundary S of the same region. In integral
notation (continuous medium, remember), the continuity equation reads

∂

∂t

∫
ρdV +

∮
ρV · dS = 0, (1)

ensuring that mass is conserved: The mass disappearing from the volume (first term),
must be the same as the mass leaving over the boundary (second term). Using Greens
formula3 to obtain the same integral, and then taking away the integral, we find

∂ρ

∂t
+ ∇ · (ρV) = 0, (2)

which is the Continuity equation on differential form.
So far, so good. Now, since we are interested in how the fluid flows (the dynamics of

the fluid, that is), we need to know the forces acting on the different parts of the fluid. To
determine this, let us consider an infinitesimally small piece of fluid, and apply newton’s
second law on it: ma =

∑
F. So – what forces are there? Typically, gravity will be present,

and the force due to the pressure of the surrounding fluid. Considering the forces per unit
volume, and writing a = dv/dt, we find

ρ
dv

dt
= ∇ρ+ g.4 (3)

Now; typically we are used to thinking of the velocity as a function of time only. But in this
case we must remember that the velocity might be different from point to point in space
(x,y,z), as well as from point to point in time (t). the velocity v therefore is a function of

1The thermodynamic equation of state, together with any two thermodynamic quantities, determines the
state of the system completely

2In connection with the continuity equation, mass may be interpreted in a broad sence (it be charge,
mass, number of marbells, etc. ...). The point is that mass (whatever it is) is conserved

3
∮
ρV · dS =

∮
∇ · (ρV)dV

4via
∮
pdS = −

∮
∇pdV
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the four variables x,y,z and t. Writing out the differential, we therefore find (try to write it
out yourself if it looks suspicious to you!)

dv =
∂v

∂t
dt+ (dr ·∇)v, (4)

which gives

dv

dt
=
∂v

∂t
+ (v ·∇)v. (5)

Inserting this into equation (3), we find

∂v

∂t
+ (v ·∇)v = −1

ρ
∇p+ g , (6)

which is the Euler equation, in a gravitational field.
Remark: As already mentioned, the Euler equation of motion is for a perfect fluid. So;

there is no energy dissipation, in terms of e..g. friction (viscosity), included in the equation.

3.1 Input from thermodynamics

The fluid elements in an ideal fluid must exhibit adiabatic motion, since there is no heat
exchange between different parts of the fluid. This means that

ds

dt
=
∂s

∂t
+ v∇ · v = 0, (7)

where s is entropy per unit mass of a moving fluid particle. Now, in many cases one may
assume that the entropy is constant throughout the liquid (s(r, t) = s), which should mean
that a fluid element will not change it’s entropy as it moves around. This is called isentropic
motion. For isentropic motion, the entropy differential in one of Maxwell’s relations5 vanish,
and one finds that

dw = V dp =
1

ρ
dp, (8)

where w is enthaply per unit mass, and ρ = m/V , where V is the volume, as usual. With
this equation, we may now rewrite Euler’s equation, equation (6) to

∂v

∂t
+ (v ·∇)v = −∇w. (9)

A final form of the Euler equation of motion worthwhile of writing down is a form in which
only the velocity is a variable. Rewriting the v ·∇-term in equation (9) 6 one obtains, upon
taking the curl on both sides, that

5equation (5.15) in [3]: dH = TdS + V dp
6via the identity 1

2
∇v2 = v × (∇× v) + v(∇ · v)

3



∂

∂t
∇× v = ∇× (v × (∇× v)). (10)

Final comment In the beginning we saw that we had five variables, and therefore need
five equations to completely determine the motion of a fluid element. These five equa-
tions are now provided via the Euler equations, the continuity equations and the adiabatic
equation; all valid for ideal fluids.

3.2 Bernoulli’s equation

There is an interesting special case in the case of steady flow, which means that ∂v
∂t = 0.

With this condition, and by use of the same identity as before, one finds that equation (9)
becomes

1

2
∇v2 − v × (∇× v) = −∇w. (11)

To modify this equation further, one introduces the concept of streamlines, which are
defined such that

dx

vx
=
dy

vy
=
dz

vz
. (12)

What this equation is saying, is that the streamlines will be the line to which the velocity
vector v(x, y, z) will be tangent. So; say you have a streamline for a given time t. Then
the tangent to this streamline at any point in the fluid, gives the velocity at the fluid
element situated there at that time. Now, the streamline picture may change, such that the
streamline looks different at a later time t′. So, instead of looking at different particles along
a streamline, one could follow one fluid element throughout it’s motion in space over the
time interval t to t′. The line then drawn will be the path of motion for that fluid element.
And here comes the clue: For stationary motion (∂v∂t = 0), the streamline will coincide with
the path of motion for the fluid element under inspection! So; since the streamlines will be
identical with the path’s of motion, a unit vector l̂ along a streamline will go along the path
of motion, too. We now form the dot product of equation (11) with l̂. For the RHS we find
that l̂ ·∇w = ∂w

∂l = 0, whereas for the LHS the last term will vanish, such that we all in all
find

∂

∂l
(
1

2
v2 + w) = 0, (13)

which obviously must mean that

1

2
v2 + w = constant (14)

along a streamline. This is the famous Bernoulli equation. Including the potential from
a gravitational field along the z-direction, one will similarly find that
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1

2
v2 + w + gz = constant7 (15)

4 Conservation laws

In this section I will give three important conservation laws for later use. Again I am using
hat tricks instead of deriving, so if you don’t trust the text, or just feel that unexplainable,
urging hunger to deepen your understanding, please consult the sources referred to in the
different subsections (you should do so if this is all new to you...).

4.1 Conservation of energy

Postulate 2: Energy is a conserved quantity.
Energy conservation is one of the most sacred laws of physics, and we will now claim
it’s validity in fluid mechanics. If there is no dissipative forces at work in the fluid, the
mechanical energy stored must be conserved. The mechanical energy stored per unit volume
in a fluid should be 1

2ρv
2 +ρε. Intuitively, one would think that the rate of change of energy

in a given volume over time must equal the energy flux across the surface of the given
volume. I mean; after all there must be a continuity equation for energy. Otherwise energy
would have to be created or annihilated somewhere inside the volume, which is unphysical
according to the sacred postulate above. With ρ→ ρ(12v

2+ε) in equation (2)8, the continuity
equation for energy reads

∂

∂t
(ρ(

1

2
v2 + ε)) = −∇ · (ρv(

1

2
v2 + ε)). (16)

But this is not the right continuity equation for the energy of a fluid element. Remember we
must generally speaking allow for the fluid to expand and contract as the pressure demands.
To obtain the right continuity equation, therefore, we must include the work done by the
pressure to either expand or contract the volume under consideration. After all this requires
energy too! The work done by the pressure should be −∇ · pv,WHYWHY? Our continuity
equation, more complete this time, becomes

∂

∂t
(ρ(

1

2
v2 + ε)) = −∇ · (ρv(

1

2
v2 + ε+

1

ρ
p)), (17)

after some elementary manipulation. Using that the heat function w = ε + 1
ρp, we can

rewrite the continuity equation to

7 l̂ · zg = gz??
8Remember that the ρ in the continuity equation is general: it can be whatever quantity that is conserved:

in this case energy. Hence ρ→ ρ
′

= ρ( 1
2
v2 + ε)
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∂

∂t
(ρ(

1

2
v2 + ε)) = −∇ · (ρv(

1

2
v2 + w))9. (18)

On pages 9 and 10 in [1], this equation is derived in a more formal and correct (but not so
illuminating), manner. In integral form, via greens equation as usual, one may transform
equation (18) to ∫

∂

∂t
(ρ

1

2
v2 + ρε))dV = −

∮
(ρv(

1

2
v2 + w))dS, (19)

where the density ρ is now multiplied in on each term on the LHS. From this equation it
seems natural to denote ρv(12v

2 + w) as the energy flux density vector.

4.2 Conservation of momentum

I shall use a similar argument in this section as in the previous section. A more thorough
discussion and derivation is found in [1], pp 11-12. Starting from the continuity equation
again, we this time want to conserve momentum. Letting ρ → ρvi (here using component
form10) in (2), we find

∂

∂t
(ρvi) = −ρvi · vk. (20)

Now; this is again only partly correct. We know that the force f per unit volume should be
fi = ∂

∂t(ρvi. But what if it is not only a flow of fluid out over the surface S (the term on
the RHS in the equation above), but that there was also a pressure difference as the fluid
elements moved out along the surface normal direction. Denoting this direction k, as in
equation (20), we should have f = −∂kp 11. Including this term, we find

∂

∂t
(ρvi) = −∂Πk

i

∂xk
12, (21)

where Πk
i is a tensor defined such that

Πk
i = pδki + ρviv

k. (22)

Again one may write this as an integral equation, which by use of Greens formula becomes∫
∂

∂t
(ρvi)dV = −

∮
Πk
i dSk. (23)

9Looking at the above equation once more, you will realize that removing the factors in the the paren-
thesizes (inner ones on the RHS), will reduce the continuity equation to the continuity equation given in
equation (2).

10Since our new density ρ
′

now is a vector quantity, we write it out on component form to be sure to get
it all right when we start messing around with differentiations

11The force per unit volume, f , is here seen as the gradient of the pressure p.
12Repeated upper and lower index means implicit summation. E.g. Πk

k = Π1
1 + Π2

2 + ....
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Again we now find it natural to coin the term momentum flux density to the tensor Πk
i .

Πk
i nk is the ith component of momentum through a unit surface area (when n is taken to

be the surface unit normal).
It is here important to note that the above formulae for momentum conservation is

not general for non-ideal fluids. So far we have considered changes in momentum due to
pressure differences and velocities, only. An important example of a non-ideal fluid is a
viscous fluid. By that I mean a fluid in which the particles interact with each other in such
a way that the velocity differences between neighbouring particles matter. In the section
on the Navier-Stokes equations, we will alter the momentum flux density tensor to be valid
for such fluids also.

4.3 Conservation of circulation

Lastly, we will consider a less universal law, which still is of uttermost importance in fluid
mechanics. I’ll just state it here:
Postulate 3: In an ideal fluid, the velocity circulation around a closed fluid contour is
constant in time. We write ∮

vdl = constant, (24)

where dl is a an element along the closed contour. This is called the law of velocity circulation
or Kelvin’s theorem. This result requiueres that the flow be isentropic.

5 Non-ideal fluids

In the first section I derived the Euler equations, which where the equations of motion for
ideal fluids. In this section I will concern myself with the equations of motion for viscous
fluids; i.e. a type of non-ideal fluids. These equations are called the Navier-Stokes equations.
from the section on conservation laws, we found that the conservation of momentum for an
ideal fluid is

∂

∂t
(ρvi) = −∂Πk

i

∂xk
,

as given in equation (21). I also mentioned that the momentum flux density tensor has to
be altered in order to include viscosity. The tensor, which used to be Πk

i = pδki +ρviv
k now

becomes
Πk
i = −σki + ρviv

k,

where σki = pδki + λki is what we denote as the viscous stress tensor. λki contains the
viscous contribution of the tensor.

So; let us consider a couple of general qualities that σki must satisfy:
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� Must be dependent on the relative velocities of adjacent particles; this
should suggest that σki be dependent on the spacial derivatives of the velocity v(x,y,z,t),
such that it vanishes whenever v(x, y, z) = const. Let us assume that the dependence
on the spacial derivatives of the velocity may be taken to first order (no higher order
derivatives).

� Must vanish for uniform rotation

Postulate 613: The most general tensor of rank two that satisfies the listed criteria is

λki = η

(
∂vi
∂xk

+
∂vk
∂xi
− 2

3
δki
∂vl
∂xl

)
+ ζδki

∂vl
∂xl

, (25)

where η and ζ, are so-called coefficients of viscosity, and velocity independent. It is required
that the fluid be isotropic. Both coefficients will be positive. By insertion of the new
momentum flux density tensor into equation (21), and by use of the continuity equation for
mass, equation (2), we find the equation

ρ

[
∂vi
∂t

+ vk
∂vi
∂xk

]
= − ∂p

∂xk
+

∂

∂xk

[
η

(
∂vi
∂xk

+
∂vk
∂xi
− 2

3
δki
∂vl
∂xl

)
+ ζδki

∂vl
∂xl

]
, (26)

which is the most general form of the equation of motion of a viscous fluid. Now, in general
η and ζ are functions or pressure and temperature and cannot be taken outside the gradient
operator. But to good approximation, they can in many cases be taken outside. In vector
form, we then obtain

ρ

[
∂v

∂t
+ (v ·∇)v

]
= −∇p+ η∆v + (ζ +

1

3
η)∇(∇ · v), (27)

which is the general Navier-Stokes equation. Now; if the fluid is incompressible (i.e.
∇ · v = 0), which in many cases is a good approximation, we obtained as a simplified
version

∂v

∂t
+ (v ·∇)v = −1

ρ
∇p+

η

ρ
∆v. (28)

We see that ζ, the second viscosity has disappeared. Now the viscous stress tensor reads:

σki = −pδki + η

(
∂vi
∂xk

+
∂vk
∂xi

)
. (29)

13See pp 44-45 in [1] for a better motivation
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6 Relativistic formulation

So; finally it comes – the fun part; relativistic formulation! In this section, natural units (i.e.;
c = 1) are used, and the metric is written as g = diag[1,−1,−1,−1]. Also, following the
most standard convenction, greek indices will run over 4-dimensional space-time, whereas
latin indices will run over 3-dimensional space, only.
I will start, as does [1] on page 505 and on, with the energy-momentum tensor. General
relativity is best represented in tensor notation. Also, since the metric tensor in GR puts
time an space on the same footing, energy and momentum may be represented in the same
tensor14.. In the reference frame at which the fluid under consideration is at rest, one finds
the energy-momentum tensor as

T =


ε 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 , (30)

where ε is the proper15 energy density of the fluid, and p is the proper pressure of the
fluid.T 0i/c = −T0i/c will in general be the momentum density in direction i, and T ik = −Tik
is the momentum density flux part of the tensor. That is; the momentum component i
through a surface oriented in the k-direction ????. Similarly one finds the energy flux den-
sity as c2 times the energy density; c2 · T 0i = −c2 · T0i. Now; in the frame of reference in
which the fluid is not moving, the flux densities should vanish, and thus we end up with
the diagonal elements only, as represented in equation (30).

Postulate 7: The energy momentum tensor for an ideal fluid in any given inertial frame
of reference is now given as

Tµν = wUµUnu − pgµν , (31)

where w = ε+ p as before is the enthalpy per volume and U is the 4-velocity16.
This is so because this is the form in which (30) results as the special case where U0 = 1
and U i = 0 (if you don’t trust me blindly – which you shouldn’t – please insert and see that
it reduces correctly).

Now, we also should check how this new tensor of ours reduces in the non-relativistic
case. The energy part T00 includes the rest energy as well as the kinetic and potential
energy. The rest energy density for relativist motion will depend on the frame of reference
one uses. We again use the proper frame in measuring the particle density n. The rest
energy becomes n ·m. Now; in the non-relativistic case, one measures from the lab frame
of reference; i.e. from the frame in which the fluid is moving: m · n→ γρ, in which ρ is the
ordinary non-relativistic mass density. Expanding γ one finds that m · n ≈ ρ − ρv2/(2c2),

14The clue here is that both energy and momentum are properties of matter, and not of space
15that is; the energy density in the inertial framce of reference in which the fluid is at rest
16U = γ(c,u), where u is the spacial velocity and gamma is the lorentz factor, γ = 1/

√
1− (u/c)2
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which gives that

lim
v<<c

T00 = ρc2 + ρε+
1

2
ρv2,

which is as desired. As for the momentum, one in similar manner finds that

lim
v<<c

Tik = ρvivk + pδik = Πik

from equation (22). This is also as desired! The limits of the energy and momentum fluxes
may also be found, but I skip them here.

7 The End

So; That’s it! Easy – right? On this basis, I regard my own standing to be (just) good
enough to get started with writing my thesis on viscous cosmology. I am sorry to say it,
but since I wrote this thing for my own understanding, that means I will not be writing any
more on it... A shame, I know. Especially since much of it is fantastically poorly explained;
mere hand-waving articulations. Don’t despair, however; the sources mentioned in the
introduction are excellent for continued reading! And who knows; perhaps I will
some day get back to these pages and fill in the somewhat huge gaps with more proper
explanations.
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