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Abstract

Caution of use! Should be kept out or reach for mathematicians! Violation may
result in serious temporally intellectual impairment, severe headache and in some cases
vomit. Upon symptoms, please close the document and consult the nearest mathemat-
ical textbook immediately.

The aim of this note is to give an intuition on why Gauss’ law of error propagation looks
like it does. When you first get this intuition, it will never leave you (to the disgust of
some), so make sure you want to continue.

Let us consider a function f(x, y) of two independent variables x and y . A
function depends on it’s variables. If they change, then so does the function (in general).
Let us say we change the value of all the variables just a tiny bit. The change in the overall
function must then, to first order, be
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(consult [1], ch. 12.6 for more). The bigger the ′∆′ s, the less is this formula true1. If
we let the small differences described by ∆ get really tiny, such that ∆ → d, we say that

1To make this expression exact, we should have to Taylor expand around each point (x0, y0 that we wish
to calculate ∆f for. We would get:

∆f =

∞∑
i

1

i!

∂f

∂x

∣∣∣∣
x0

∆x +

∞∑
i

1

i!

∂f

∂y

∣∣∣∣
y0

∆y

1



we have the total differential of f. Above we assumed only two variables x and y, but
”of course” the results will be the same for n variables – you just do n push-backs instead
of 2 !

Consider next that you want to measure f(x, y). You are an intrinsic nerd, and want
to know how the length f of the lecture depends on the number x of coffees the professor
drinks, and the number y of questions he receives from the students. Through thorough
investigations you have found that the relation should be given by2

f(x, y) = x−1(y + 1)2 where x ≥ 1, y ≥ 0 (2)

x and y don’t have to be integers: Student’s often stop in the middle of their questions,
because they get a Facebook message that they just have to answer assap, and the professor
likes to only drink from a coffee as long as it is hot, so he doesn’t always finish them.
Anyways; you have counted the number of coffees x0 and the number of questions y0 posed
during the lecture, and you want to find f(x0, y0):

f(x0, y0) = x−10 (y0 + 1)2 (3)

Unfortunately, the variables x and y are not only mathematical beasts, but rather they
live in the real world. This means that you are not able to measure them with absolute
precision (see figure 1). You know that x lies in an interwall ∆x around x0, and likewise
for y. You start pondering... could it be that the uncertainty with which you know the
variables that f depends on would also lead to an uncertainty in f itself? Sure it does! And
this is where you recall equation (1): Perhaps you can think of ∆x and ∆y as uncertainties
in the variables, and calculate the uncertainty ∆f that results by plugging into equation
(1)?! You are thrilled with the idea, and start calculating the derivatives

∂f

∂x
= −x−2 (y + 1)2 and

∂f

∂y
= 2x−1 (y + 1) (4)

only to realize that this cannot be quite correct. ∂f
∂x is negative3, so you could potentially

be ”unlucky” to calculate ∆f at a point at which the two terms exactly cancel. You would
end up with
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where ∆x = x−x0 and ∆y = y−y0. However, as long as the ∆’s are sufficiently small (consult a mathematics
text if you want to make ”sufficiently small” precise), the first term in the Taylor expansion will alone suffice.
In other words; eq. (1) is the result of linearizing the problem.

2You may note that x = 0 corresponds to an infinite lecture. However, it is not going to happen, because
every professor will always drink at least one coffee during his lecture. Hence x ≥ 1.

3Oh... I must smile when I think of a mathematician pausing at this point because he forgets that the
number of coffee cups ingested can’t be negative; hence the derivative will always be negative on the domain
of x
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Figure 1: This brilliant figure shows how uncertainty ∆x in the variable x leads to uncer-
tainty in the function f depending on x. We say that the uncertainty ”propagates” from x
into f(x).

This cannot be correct: Even though you were not 100% sure about the values of x and
y (hence ∆x and ∆y), you realize that you could potentially end up with absolute precision
in your resulting f . And even if you are not so unlucky that you hit a spot where ∆f
actually vanishes completely, the terms could potentially cancel to some extent. Such a
shame... otherwise your idea seemed so good.

Fortunately you wake up in the middle of the night with a better idea: What if
you square the terms! If you square each term, any potential negative signs evaporate. You
find a paper and scribble down the following equation:

∆f =

√(
∂f
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+
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)2

(6)

You immediately recognize that this is it! Such a shame that Gauss already made the same
discovery a few hundred years back – otherwise you would have become famous. This is
the so-called Gauss’ law of error propagation. It describes how the uncertainties in
the variables x and y propagates into a function f(x, y). Just as simple as it is neat. Note
that x and y must be independent variables.
You may also portray ∆f as the radius of a sphere spanned out by two independent[2] error
terms ∂f

∂x∆x and ∂f
∂y∆y (Pythagoras).

Task: Show that for any function f(x, y) on the form

f(x, y) = Axayb, (7)
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equation (6) can be written as
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which indeed is much simpler to use than equation (6).

Further reading: I just discovered this amazing online resource. It seems to agree with
the way of thinking that has been provided in this note, but it takes you through it all
through graphs an pictures instead of jokes and text. Enjoy!
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